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Abstract 

Embeddings of the CAR (canonical anticommutation relations) algebra of fermions 
into the Cuntz algebra O2 (or 02d more generally) are presented by using recursive con- 
structions. As a typical example, an embedding of CAR onto the [/(l)-invariant subal- 
gebra of O2 is constructed explicitly. Generalizing this construction to the case of O2P1 
an embedding of CAR onto the [/(l)-invariant subalgebra of O2V is obtained. Restricting 
a permutation representation of the Cuntz algebra, we obtain the Fock representation of 
CAR. We apply the results to embed the algebra of parafermions of order p into O2P ac- 
cording to the Green's ansatz. 
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§1. Introduction 

It is well understood that the C*-algebra'^-' of CAR (canonical anticommutation 
relations) -"^^ of fermions, in which the generators am and a* (m, n = 1, 2, . . . ) satisfy 

{am, an} = [a*^, a*J ^ 0, (1.1) 
{am, <} = Sm,„I, (1.2) 

is isomorphic with UHF2 (i.e., the uniformly hyperfinite algebra of Glimm type 2°°), which 

00 00 

is defined by the C*-algebra isomorphic with (the norm closure of) (J or M2 with 

n=l 

Mfc denoting the algebra of all kxk complex matrices. The Cuntz algebra^) O2 is a simple 
C*-algebra generated by Si and S2 satisfying 

s*Sj = dijI, i,j = 1,2, (1.3) 

Sisl + S2S2 = I- (1-4) 
We define a C/(l) action on O2 by 

Si ^ zSi, z & C, 1^1 = 1, i — 1, 2. (1.5) 

Then, the subalgebra O^*^^-* consisting of ?7(l)-invariant elements of O2 is a linear space 
generated by monomials of the form 

where ii, . . . , ik, ji, ■ ■ ■ , jk — 1, 2. Prom the one-to-one correspondence between the 
matrix element e^jj-j <^ Ci^j^ (8) • • • (8) Ci^^j^, / / (8) • • • and (1.6), we have an isomorphism^' 
between UHF2 and O^''^''. Therefore, we have an isomorphism between CAR and C 
02- In other words, there exists an embedding of CAR into 02- Although this fact may 
be well-known, we could find neither its explicit expression nor systematic study about 
it in literature. Furthermore, since the Cuntz algebra is finitely generated, its algebraic 
structures seem more manageable than that of CAR. Indeed, we can make many nontrivial 
unital *-endomorphisms in the Cuntz algebra explicitly as will be shown in our succeeding 
paper. ^) Thus, if we have explicit expressions for the embedding of CAR into the Cuntz 
algebra, we can study various properties of CAR by restricting those of the Cuntz algebra. 

The parafermion algebra,^' in which the generators satisfy a certain set of double 
commutation relations, is not yet studied at all as a C*-subalgebra of the Cuntz algebra. 
According to the Green's ansatz, we decompose each generator of the parafermion algebra 
into a sum of p fermionic generators commuting with each other, where p is the order of 
parastatistics. Then, the parafermion algebra of order pis a, subset of a tensor product of 
p car's, which is isomorphic with UHF2P = O^*^^"* C 02P- Therefore, we may also have 
an embedding of a parafermion algebra into the Cuntz algebra. 

The purpose of this paper is to present the explicit expressions for the above embed- 
ding of the algebra of (para) fermions into the Cuntz algebra in a recursive way and to 

'^^In this paper, we discuss only on the *-algebraic structure and avoid considering the C*-norm struc- 
ture. 
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construct representations of the former by restricting those of the latter. We call a funda- 
mental ingredient for our recursive construction of embeddings of CAR into O2 (or 
with d — 1, 2, ... , more generally) a recursive fermion system (RFS). It is shown that 
there exists a map Q on such that 

a„ = C""'(a), 2, ... (1.7) 

satisfy (1.1) and (1.2) for a suitable element a G 02d- In C^2, we introduce the simplest 
example of RFS in which the image of CAR is identical with O^*-^"*. It should be noted, 
however, that RFS in O2 is not unique, that is, an image of CAR is not necessarily 
identical with C^^^-*. We also consider a generalization of RFS in C2P, which we call RFSp, 

and find that in a special case the image of CAR is identical with O^}^^ = UHF2P . As an 
explicit representation of the Cuntz algebra, we consider the permutation representation.^-' 
Restricting a certain permutation representation of O2 (or O2P) to the images of CAR, we 
obtain the Fock representation of CAR. We apply the above results to obtain a recursive 
construction of the algebra of parafermions of order p in 02? • Wc call its fundamental 
ingredient a recursive parafermion system of order p (RPFSp). The relation between 
RFSp and RPFSp is described by the Klein transformation. What is discussed in this paper 
is the most fundamental aspect of the recursive fermion system. Importance of using the 
Cuntz algebra to describe fermion algebra will be shown in our succeeding papers. 

The present paper is organized as follows. In Sec. 2, we make brief introduction of 
the Cuntz algebra necessary for our discussion in the succeeding sections. In Sec. 3, the 
recursive fermion system is presented and the restriction of a permutation representation 
to the image of CAR is studied. In Sec.4, an embedding of parafermion algebra into the 
Cuntz algebra is recursively constructed by using the Green's ansatz. The final section is 
devoted to discussion. 



§2. Brief Introduction of Cuntz Algebra 

The Cuntz algebra^) Oa {d ^ 2) is a simple C*-algebra generated by Si, S2, • • • , sa 
satisfying the following relations: 

s:s, = S.,,I, (2.1) 

d 

J] .,5* = 7, (2.2) 
1=1 

where * is a *-involution (or an adjoint operation), I being the unit (or the identity 
operator). We often use the brief description such as Sj^j2...j^ = Sj^Sjj ■ ■ ■ Si^, s*ii2 --j™ = 
• • • *i2*ii ^h-imdn-ji = Sh--- Sirr^s*^ " " " s*^. Ftoui thc rclatiou (2.1), Oa is a linear 
space generated by monomials of the form Si^...i^-^j^...j^ with m + n ^ 1. One should note 
that *-representations of Od are inevitably infinite dimensional, because (2.1) means that 
Sj's arc unitary in finite dimension while (2.2) prevents them from being so. 

Obviously, a dx d matrix algebra is isomorphic with the subalgebra of Od gener- 
ated by Si-j. Likewise, a tensor product Md ® Md is isomorphic with the subalgebra gen- 
erated by Si^ir^.j^j^. In general, UHF,^ = Md is isomorphic with 0^^^\ which is a linear 
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space generated by monomials of the form Si-^...ii^.j^...j^, k ^ 1. 

A unital *-endomorphism Lp of Od is defined by a mapping (f : Od ^ Od satisfying 

^{aX + ^Y) =a^{X) + P^(Y), a, P e C, X, Y e Od, (2.3) 

ip{XY) = ^{XMY), X,YeOd, (2.4) 

ipiX*) = cp{Xy, XeOd, (2.5) 

<p{I) = /. (2.6) 

A typical example of unital *-endomorphisms of Od is the canonical endomorphism p 
defined by 

d 

p{X)^^SiXs;, XeOd. (2.7) 

i=l 

Indeed, from (2.1), p satisfies p{X)p(Y) = p{XY). From (2.2), p is unital, that is, 
p(/) = /, hence Si = p{si), i = 1, 2, . . . , d satisfy the relations (2.1) and (2.2). 

In the present paper, we consider the following *-representation tt^ of Od on a count- 
able infinite-dimensional Hilbert space H. Let {e„}^]^ be a complete orthonormal basis 
of H. We define the action of ns{si) {i — 1, . . . , d) on H hy 

7rs(si)e„ = e^^(„), pi{n) = d{n - 1) + i, i ^ 1, . . . , d, n e N. (2.8) 

By this definition, TTs{si) is defined on whole 7i linearly as a bounded operator. Then, 
the action of 7rs{si)* on e„ is determined by the definition of the adjoint operation. Since 
for any n e N there exists a pair {j, m} which satisfy p-j{m) — n, we consider 7rs(sj)* on 
(^ixj{m) as follows 

(T^sisi)* en.(m)\ee) = {enj{m)\'^s{si)ee) 

= Si,j{em\ee) for any £, (2.9) 



where ( ■ | ■ ) denotes the inner product on Tl. In the third equality of (2.9), use has been 
made of that /Uj's (i = 1, 2, . . . , d) are injections and //i(N) P|//j(N) = for each i ^ j 
by (2.8). Hence, we obtain 

^siSiY e/^.^rn) = SijCm- (2.10) 

It is, now, straightforward to show that ns{si) and 7rs{si)* defined by (2.8) and (2.10) 
satisfy the relations (2.1) and (2.2) on any e„. The above representation tt^ of Od is an 
example of the permutation representations^^ with a branching function system {pi}f^i- 
One should note that 7{'s{si) has eigenvalue 1 with eigenvector ci. An irreducible repre- 
sentation which satisfies this property is uniquely determined up to unitary equivalence. 
We call this permutation representation Rep(l) or the standard representation of Od- 
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§3. Recursive Fermion System (RFS) 

In this section, we consider how to construct embeddings of CAR into O2 (or 
with d — 1, 2, . . . ) in a systematic way. 

§§3-1. RFS in 02d 

Let a e 02d, C • ^2d C^2d be a hncar mapping, and (f a unital *-endomorphism 
on 02d, respectively. A triad R = (a, (, tp) is caUed a recursive fermion system (RFS) 
in 02d, if it satisfies the following conditions:'^'' 

i) seed condition: = 0, {a, a*} — /, (3.1) 

ii) recursive condition: {a, ((X)} = 0, C(^)* = C(X*), X e 02d, (3.2) 
iii) normalization condition: C(^)C(^) = v{XY), X,Y e 02d- (3.3) 

Here, a and C, are called the seed and the recursive map, respectively, of the RFS R. For 
a given RFS R— (a, C, 9^), the embedding associated with R, 

$R : CAR ^ 02d, (3.4) 

is defined by specifying images of generators a„ (n = 1, 2, . . . ) of CAR as follows 

^^(aO^C"^(a)^( CoCo;--oC )(a), n = l, 2, .... (3.5) 

Indeed, from (3.1)-(3.5), we obtain 

{<?>R(a™), c?^(a„)} = ^^-\{a, (""'"(a)}) = ^."-^(O) = 0, m^n, (3.6) 
{^>^(a„,,), <pR{a,,Y} = ^'"-^({a, ^""'"(a*)}) = ^(0) = 0, m < n, (3.7) 
{^K(a„), Man)*} = ¥'""'({«, a*}) = ^""'(/) = (3-8) 

We denote Ar = <?ii(CAR) c 02d- Ar is called the CAR subalgebra associated with R. 

A typical example of RFS in O2 is given by the standard RFS SR— (a, (p), which 
is defined by 

a = S1S2, (3.9) 
C(X) = siXsl - S2XS*, X e O2, (3.10) 
(p{X) = p{X)^siXsl + S2Xs*, Xe02, (3.11) 

where p is the canonical endomorphism (2.7) of O2. Indeed, it is easy to show that (3.9)- 
(3.11) satisfy (3.1)-(3.3). For the standard RFS SR, we denote As = ^5r(CAR). Then, 
we have As — C^^^^ as is easily proved by mathematical induction: It is obvious that 
As C 0^^^\ while As 3 O^^^^ is also satisfied since any Si^...i^.^j^...j^ e 02^^\ ^ 1 is 
expressed in terms of '^sRi.o.n) {n ^ k). 

The standard RFS SR in O2 can be easily extrapolated to the corresponding one 

'^^It is possible to define a RFS satisiying the conditions similar to (3.1)-(3.3) in any unital C*-algebra 
apart from its existence. 
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R = (a, C, 'p) in ((i = 1, 2, . . . ) as follows: 

d 

a = ^efcS,,4, (3.12) 

k=l 

d 

ax) ^ (^^.^4 - ^ e (3.13) 

k=l 

2d 

^{X) = p{X) = Y,SiXsl XeO^d. (3.14) 

i=l 

^n{ar.) = C-\a), (3.15) 

where an arbitrary division of indices {1, ... , 2d} into two ordered parts {ii = 
l,i2, ... , id} and {ji, ja, • • • , jd} is introduced in (3.12); ei = = +1, e^, e'^^ = ±1 
(/c ^ 2). The subalgebra of 02d generated by ^^^(a^) (n ^ /c) is isomorphic with 

k k 

<^{Id ® M2) = M2, where is the dx d unit matrix. Thus, Ar determined by (3.12)- 
(3.15) is isomorphic with UHF2. 

§§3-2. Generalization of RFS 

As an example of RFS in O4, we may set 

a = S1S2 + (3.16) 
C(X) = siXsl - S2Xs*^ ± (ssXsl - S4XSI). (3.17) 

It is interesting to consider whether there are nontrivial elements in the form of (3.12) 
which anticommute with a defined by (3.16). We find such an element is uniquely given by 

a = S1S3 — S2S4. (3.18) 

Furthermore, if we require that C(-^) anticommute with d as well as with a, is uniquely 
determined as 

C(X) = siXsl - S2Xs*2 - ssXsl + SiXsl (3.19) 

Thus, we can extend the RFS R = (a, C, ^) in O4 defined by (3.16), (3.19) and (3.14) 
with d = 2 to the tetrad SR2 — {ai = a, a2 = a; C, (p) in such a way that 

$SR, : CAR ^ 04, 

(3.20) 

^SR2(«2(n-i)+i) = C~\ai), z = 1, 2, n = 1, 2, . . . 

gives an embedding of CAR into O4. In contrast with the ordinary RFS given by a 
triad, we call this kind of tetrad R2 = (ai, 02; ^) RFS2. Although we have defined 
a RFS2 with specifying the explicit expressions for R2 = SR2 in the above, RFS2 itself 
can be, of course, defined abstractly without such a specific expression. We call the 
above RFS2 denoted by SR2 the standard RFS 2 since it is the special one in which 
As., = <PsR2{CAR) = O^^^^: It is obvious that C 0^^^\ while Ag., D Cf^^^ is also 
satisfied since any Si^...i^.^j^...j^ e O4, A; ^ 1 is expressed in terms of $sR2{(^n) ('^ = 2A;). 
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Likewise, in O2P, we can generalize RFS to RFSp Rp = {ai, a2, ■ ■ ■ , cip, (, (p) in 
such a way that 

(3.21) 

^R^{ap{n-i)+i) = C'^itti), i^l, ... ,p, n = 1, 2, . . . 

gives an embedding of CAR into O2P and none of (i = 1, . . . , is expressed as C{^) 
with X e O2P. Here ( and (p are a linear mapping and a unital endomorphism on O2P, 
respectively; (ai, a2, ... , a^; C, (p) should satisfy 

i) seed condition: {a^, ttj} — 0, {ttj, a*} — SijI, (3.22) 

ii) recursive condition: {a^, C(^)} = 0, C(^)* = C(^*), X e O2P, (3.23) 

iii) normalization condition: ({X)C{Y) = ip{XY), X,Y e O2P. (3.24) 



The standard RFSp SRp — (ai, 02, ... , a^; 'P)-/ which Asp = ^sRp(CAR) — 02P^^ 
is given by 



2P-^ 2^-1 

ai = Y^ ^(-l)-=i S2i(fc-i)+^4-i(2ik-i)+^> « = 1, ■ ■ ■ , P, (3.25) 

fc=i £=1 

cw = E(-i)-^^^^^^^«:> (3-26) 

i=l 

2P 

<p{X)^p{X) = J2^iXsl (3.27) 

i=l 

where [x] denotes the largest integer not greater than x. We have constructed (3.25) in 
the bootstrap way: For any a^, each term Sks} in requires that aj {j 7^ i) should involve 
either SmjSl =F SnjS} or SkS^^ =F ■s^-Shj with some nij and n^, and then is conversely 
required to involve ±Sm.s^. for all j, so that {ai\i = 1,2, ... ,p} satisfy the j>dimensional 

2P-1 

canonical anticommutation relations. In this way, for a given ai = *2fe-iS2fe, the other 

k=l 

ttj's are uniquely constructed with the normalization that the sign factor for the term 
Sisl in ttj is plus. As for in (3.26), it is uniquely determined from (3.23) and from the 
normalization that the sign factor for siXsl is plus. 

§§3-3. Representation of RFS 

In this subsection and the next, we consider the representation of CAR, which is 
obtained by restricting the standard representation tt^ on Ti defined by (2.8) of O2 (or 
02p) to the standard RFS (or the standard RFSp): 

CAR O2 ' C{n). (3.28) 

Hereafter, we identify Sj and a„ with 7rs(sj) and (tt^ o $sR){(^n) in ^2 (or (tt^ o <^sRp){(^n) 
in 02p)-i respectively, for simplicity of description. 
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For the standard representation Rep(l) of O2 defined by (2.8), we find that ei is a 
vacuum with respect to the annihilation operators a„ (ra = 1, 2, . . . ) defined by (3.5) with 
(3.9) and (3.10), that is, it satisfies 

ttnCi = for n = 1, 2, . . . . (3.29) 

The proof of (3.29) is the following: From (2.8) and (2.10), we obtain 

sle2n-i = e„, sle2n = 0, 

n = 1, 2, . . . . (3.30) 

S2e2n-1 = 0, 52^271 = e„. 

Hence, ei is the simultaneous eigenvector both for si with eigenvalue 1 and for with 0. 
Thus, from (3.5) with (3.9) and (3.10), we have 

a„ d = C~\a) d = s'l-^ a ei = 0. (3.31) 

The (antisymmetric) Fock space with the vacuum ei is generated by operation of mono- 
mials a*^ • • • a*^ on ci. Since and a* anticommute with each other, we have only to 
consider the case ni < ■ ■ ■ < Uk- For k = 1, from (2.8) and (3.30), we have 

= e^^(„o, N{n,) = T^-' + 1. (3.32) 
For k^2, from (2.1), (2.8), (3.5), (3.9), (3.10) and (3.32), we have 

= s^i-U* sf-^i S2 ei 
= sr"'«2sr""'~'s2ei 

= eNim,n,), iV(ni, 712) = 2"i-i + 2^^-1 + 1. (3.33) 
Likewise, in general, we obtain 

n* n* n* o — e"i~^ e e"2-"i-l „ „n3-n2-l Uk-Uk-i-l 

^ni^Ui ^Uk^^ ~ ^1 ^2^1 S2S1 S2 ■ ■ ■ Si ^261 

= eN{ni,-,nk)^ (3.34) 

N{ni,--- ,nk) = 2^^!-^ + 2'*2-i + • • • + 2'**-^ + 1. (3.35) 

Since it is obvious that any n e N is expressible in the form of A^(r2,i, ■ ■ ■ , Uk) — 1 (binary 
expression), any e„ is uniquely given in the form of (3.34), that is, ei is a cyclic vector in 
Ti. and there is no vacuum annihilated by a„ (n = 1, 2, . . . ) other than ei. Therefore, the 
restriction of Rep(l) of O2 to As is the Fock representation with the unique vacuum. 

One should note that any vector e^r instead of Ci of the basis in Rep(l) of O2 can be 
set as the vacuum of Fock representation by the Bogoliubov transformation exchanging 
finite number of the annihilation/creation operators such as 

fa* forn e {ni, 712, . . . , nfc}, 
a„ a„ = < (3.36) 
I an otherwise. 
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where the set of indices {ni, n2, 



, Uk} corresponds to through the relation (3.35). 



§§3-4. Representation of RFSp 

As for the restriction of Rep(l) of O2P to the standard RFSp, it is straightforward to 
generahze the previous results. Prom (2.8) and (2.10) with d — 2^, we have 

s*e2P(„_i)+j = SijCn, i, j = 1, 2, . . . , 2^, n = 1, 2, . . . , (3.37) 

hence, for (3.21) with (3.25) and (3.26), we obtain 

ap^rn-i)+iei ^ s'^'^tti ei^O, z = 1, 2, . . . ,p, m = 1, 2, . . . . (3.38) 

Thus, ei of Rep(l) of Op is a vacuum for the annihilation operators a„ {n — 1,2...) 
of the standard RFSp, and the corresponding Fock space is generated by a*^^a^^ ■ ■ ■ a*^ Ci 
with 1 ^ ni < n2 < ■ ■ ■ < rifc, k^l. Their explicit expressions are obtained in the following. 

In case 1 ^ mi < m2 < • • • < for rij = p{mj — 1) + ij, ij = I, . . . ,p, j = 1, . . . ,k, 
hkewise in (3.34), we have 

_ c"i2-mi-l rrik-mk-i-l QO'l 

Mj = 2'^-\ j^l,2,...,k. (3.40) 

On the other hand, in case {rrij-i <)mj = ruj+i — ■ ■ ■ — rrij+i ( < m^+^+i) and ij < 
ij+i < ■ ■ ■ < ij+e with some j and i for rij — p{mj — — ,p, j — 1, . . . ,k, the 

corresponding factor s^^~"^^~^~'^s^,_^_^ ■ ■ ■ s^^"*"^ pjjg of (3.39) is replaced 

by 

j+e 

i=j 

Therefore, using the formula 

c"l-le „ri2-ni-\ nk-rik-i-l „ _„ , ^ ("^ A9\ 

Si Oii+lSi Sj2+1 Sii^+iCi — eN(^ni,ir,...;nk,ik)' W-^^J 

k 

7V(ni,Zi; ... ; rife, ife) = J]i,-2^'("-i) + l (3.43) 
for 1 ^ Hi < • • • < rife and ii, . . . ,ik — l,2,... , 2** — 1, it is straightforward to obtain 

' ' ' '^Pimk-l)+ik ^1 ~ ^N{mi,ii;---;mk,ik)^ (3.44) 
k 

iV(mi,ii; ••• ;mfe,ife) = ^2f(-^-^)+^^-^ + l, (3.45) 
for p{mi — 1) + zi < • • • < p{mk — 1) + ik, hence. 



ei ^ eN{ni,-,nk), ni<---<nk, (3.46) 



k 



iV(ni, ■■■,nfc) = J]2"^-i + l, (3.47) 



-9- 



which is exactly the same as (3.34) with (3.35). Thus, in the same way as the standard 
RFS, the restriction of Rep(l) of O2P to As^ is the Fock representation with the unique 
vacuum. It should be noted that this Fock representation is strictly common to all the 
standard RFSp. This result may be understood by the fact that the standard RFSp can 
be reduced to the standard RFS through a certain embedding of O2P into 02-^^ 



§4. Recursive Parafermion System 

In this section, we apply RFS to embed the algebra of parafermions into the Cuntz 
algebra. According to the Green's ansatz, the algebra of parafermions of order p is 
described in terms of p fermion algebras in which any element in one fermion algebra 
commute with those in others. Hence, we can embed the algebra of parafermions into 
O2P by generalizing RFSp so that they satisfy the suitable properties. 

§§4-1. Pcirafermion Algebra 

To begin with, we summarize the property of the algebra of parafermions.^' 
Let the parafermion algebra of order p{— 1, 2, . . . ) PFAp be the *-algebra generated 
by a„ (n = 1, 2, . . . ) satisfying 

[a^, [ttm, an] ] = 0, (4.1) 
[at, [a*^, a„] ] = 25^,^a„, (4.2) 

\{{Nn+{k-\)l)^Q, 7V„ = -K, a„], (4.3) 

fc=0 

where we have omitted other relations obtained from (4.1) and (4.2) by using the *- 

involution (or the adjoint operation) and the Jacobi identity. The case p = 1, PFAi, 

is nothing but CAR. Here, we have explicitly introduced the order p dependence of the 

algebra in (4.3). In the conventional standpoint in studying parastatistical algebras, 

starting with the double (anti) commutation relations such as (4.1) and (4.2) only, one 

introduces the positive integer p to specify the vacuum as in (4.5) below in considering its 

representation. Then, the additional algebraic relation describing spectrum of the number 

operator in (4.3) is obtained. However, it seems more natural to introduce the order p 

at the very beginning to make discussions with distinguishing manifestly the algebra and 

its representation. Thus, we have defined the parafermion algebra by (4.1)-(4.3). 

The Fock representation of PFAp is characterized by the unique vacuum | ) which 

satisfies , , , , 

a„|0) = 0, n=l, 2, ... (4.4) 

aman\0) ^ pSm,n\0). (4.5) 

The Fock space for parafermion is spanned by | ) and of a* ^ • • • a*^ | ) (A; = 1, 2, . . . ). 
The positivity of the inner product of this Fock space is due to the fact that p is a positive 
integer. 

p 

It is possible to embed PFAp into CAR. Here, it should be noted that any element 
of CAR 0/ ® • • • ® / commutes with that of J® CAR ®/ ® ■ • • ® J, and likewise for any 
other combinations. This kind of description of parastatistical algebra is introduced by 
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Green'^\ Let aC^ (a = 1, . . . , p; n = 1, 2, . . .), which are called Green components, 

a— 1 p—a 

be generators ol I ® ■ ■ ■ ® I ® CAR Then, they satisfy the unconventional 

anticommutation relations as follows: 

{at\{a^:^y} = 5m,nl. (4.6) 

{«^:^«^^^}=o, (4.7) 
[4"^«f] = [«^;^^(afr] = o ioia^p. (4.8) 

We denote the *-algebra generated by the Green components {a^"^ \ a — 1, . . . , p, n — 

V 

1, 2, . . . } by GCAp (^Green- component algebra of order p) (= CAR). Then, an embed- 
ding L of PFAp into GCAp is given by a linear combination of the Green components as 
follows 

L : PFAp ^ GCAp, 

.) (4.9) 



a=l 

It is straightforward to show that (4.9) satisfies (4.1)-(4.3). The vacuum satisfying (4.4) 
and (4.5) is given by the vacuum of Fock representation of GCAp: 

ai°)|0) = 0, a = l,2, ... ,p, n = l,2, ... . (4.10) 

§§4-2. Embedding of Pcirafermion Algebra 

We, now, consider a recursive construction of embedding of PFAp into O2P ■ Let a*^") G 
C« '■ O2P be a linear mapping and Lfa a unital >K-endomorphism of O2P for 

a = 1, 2, . . . , p. Then, a set of p triads RPp = { {a^"^; Qai V^a) | a = 1, ...,]?} is called 
a recursive parafermion system of oder p RPFSp, if it satisfies the following conditions: 

i) seed condition: 

(a("))2 = 0, {a("\ a(")*} = /, (4.11) 
[a("\ a}^^] = 0, [a^"\ a^^>] = ioia^(3, (4.12) 
ii) recursive condition: 

{a(«),Ca(^)} = 0, Xe02P, (4.13) 
[a^^\UX)] = Q for « 7^/3, (4.14) 
iii) normalization condition: 

UX)Uy) = Va{XY), X,Ye02v, (4.15) 
[UX)Ali{Y)]^Q if [X, r] = 0, forV/?- (4.16) 
Then, an embedding ^rp^, of GCAp into O2V is determined as 

<1>RP^ ■ GCAp O2P, 

(4-17) 

^^P^(ai")) = Cr'(«^"^)> « = 1, 2, . . . , p, n = 1, 2, . . . , 
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which satisfy (4.6)-(4.8) as shown by straightforward calculation. Therefore, an embed- 
ding of PFAp into O2P is obtained by restricting (4.17) to PFAp C GCAp as follows 



(4.18) 



a=l 



First, let us consider the case p — 2. We apply (3.12)-(3.15) to O4. According 
to the way of dividing indices {1, 2, 3, 4} into two parts in (3.12), we obtain some a's, 
among which we can easily find a pair of a's commuting with each other. Here, we give 
an example, what we call the standard RPFS2, SRP2 = { (a*^"^; Ca, Va) | a = 1, 2 }: 



a 



(1) 



S1S2 + ■S3S4, 



(i{X) = siXsl - 82X3*2 + ssXsl - S4XSI, 
' = S1S3 + S2S4, 

C2(^) = SiXsl + 82X3*2 - 83X3*2 - 84XSI, 

ipi{X) = Cp2{X) = p{X) = SiX8l + 82X3*2 + 3sX3l + 84X3I. 



(4.19) 
(4.20) 
(4.21) 
(4.22) 
(4.23) 

U{1) 



As in the case of the standard RFS2, it is shown that ^srp2 (GCA2) is identical with O 

One should note that (4.19) and (4.21) can be obtained from (ai, 02) of the standard 
RFS2 defined by (3.16) and (3.18) through the Klein transformation as follows: 



= ai. 



a^^^ = (/ — 2a*ai) 02 = [exp(i7ra^ai)] a2- 
Furthermore, C,a, a — 1,2 defined by (4.20) and (4.22) satisfy the following 



(4.24) 
(4.25) 



n— 1 



Cr^(X) = [exp (iT^Y.^sR,{.a2kT'^sR,{.a2k))] C"'(^), (4-26) 



k=l 
n-1 



Cr\X) = [exp {i7rJ2^sRAa2k-iT^SRAa2k-i))] C'\X), (4.27) 



fe=i 



where ( is defined by (3.19) and use has been made of an identity ({XYZ) — 

({X)({Y)({Z). Thus, the Green components {^sRP2('^n"^)} ^^c rewritten in terms of gen- 
erators of CAR of the standard RFS2 {^SR2{(^n)} (3.20) through the Klein transforma- 
tion defined by 



'<^Si?2(0l) 



for n — 1, 



^SRP^ia^n'^) 



n-1 



(4.28) 



exp\^i7r^$SR2{a2kT^SR2{a2k)j ^SR2{(^2n-i) forn^2, 

k=l 

n 

^SRP2{a^n^)^ {iT^^^SR2{a2k-iy^SR2{a2k-i)) ^SR2{a2n), (4.29) 



k=l 



which gives an automorphism of 0^^^\ It should be noted that it is impossible to hft the 
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above Klein transformation to a unital *-endomorphism of O4. 

For the case of generic p, we construct the standard RPFSp SRPp — 
{{a^°'^; (a, 0a) I Q! = 1, . . . , p} as follows: Let Sj's be generators of 02P- For an arbi- 
trarily fixed a, each term SiS* in a*^"^ requires that a^^^ {(3 7^ a) should involve either 
SiS*y.^ + Sjs}^ or Sfe^s* + s^gS* with some kfj and and then a*^"^ is conversely required 

to involve Sk^s} for all /9. In this way, by setting a^^^ = S2k-iS2kJ the explicit expres- 

k=l 

sions for (a*^"\ Ca, ^a), a = 1, 2, . . . , p, are given by 

= ^ ^ S2«(fc-l)+£S;a-l(2fc-l)+f, (4.30) 

fc=l ^=1 

2P 

UX)^'£{-l)i^h,Xsl (4.31) 

i=l 

2P 

^«(X)=p(X) = |^s,X<, (4.32) 

i=l 

where [x] denotes the largest integer not greater than x. It is shown that (<?5ijPj,oi)(PFAp) 
is a proper subset of O^^^^ = ^sRPp(GCAp). In the same ways as in RPFS2, it is possible 
to rewrite the Green components of RPFSp {^sRPpid^^)} in terms of generators of the 
standard RFSp {^sHpifin)} using the Klein transformation. 



§5. Discussion 

In the present paper, we have introduced the most fundamental aspect of the recur- 
sive fermion system (RFS) in the Cuntz algebra O2 and its generahzation (RFSp) in O2P, 
and apply it to construct the recursive parafermion system of order p (RPFSp). As explicit 
examples, we have presented the standard RFS and the standard RFSp which give em- 
beddings of CAR onto the ;7(l)-invariant subalgebra Oj"^^^ ^UHFa and Cj^/^^ ^ UHF2P, 
respectively. Although they are the simplest and most important examples, we can con- 
struct other ones explicitly using unital *-endomorphisms of the Cuntz algebra. As for the 
canonical cndomorphism, it commutes with the U{1) action, hence its restriction to the 
standard RFS yields another RFS which gives an embedding onto a proper subset of O^^^"*. 
Since, however, a generic unital *-cndomorphism docs not necessarily commute with the 
U{1) action, there exists a RFS R sucli tliat 'Pr{CAR) ^ O^*-^-*. For example, the follow- 
ing unital *-endomorphisms (pi {i — 1, 2) of O2 do not commute with the ^7(1) action: 

fl{Sl) =31-1 + S21;2, V5l(s2) = S22, (5.1) 
</'2(Sl) = S2;l + Sl2;2, ^2{S2) = Sn- (5.2) 

In our construction of embeddings of the CAR algebra into the Cuntz algebra, the 
indices of fermion operators {'pB.{cLn)} {'n = 1,2,...) denote the ordering of generations 
yielded recursively by the recursive map C : (?ij(a„_i) i— (?ij(a„) (n = 1, 2, . . . ). However, 
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in the physical point of view, they should be interpreted as modes which distinguish 
momentum of particle or other physical degrees of freedom. The relation between the 
recursive map ( and such physical meaning of indices of fermion operators is still an open 
problem. 

Description of the CAR algebra of fermions in terms of the Cuntz algebra is not just 
a rewriting of well-known things. In our succeeding paper^\ we will discuss on various 
applications of RFS and RFSp by restricting the properties of the Cuntz algebra. In the 
conventional viewpoint in the C*-algebra, the structure of the Cuntz algebra has been 
studied through that of the UHF algebra (UHF2 =CAR), since the latter is believed to 
be understood enough. However, inverting the way of consideration, quite a new view- 
point will open and show us various novel structures of CAR. For example, by restricting 
endomorphisms and automorphisms of the Cuntz algebra to RFS or RFSp, we can explic- 
itly construct nontrivial endomorphisms of CAR as mentioned above and automorphisms 
which are expressed in terms of nonlinear transformations. The Bogoliubov transforma- 
tions, which are expressed in terms of linear transformations of the annihilation/creation 
operators, are no more than almost trivial examples in this context. We will also find 
that infinite branching of vacuum of fermions occurs through a certain type of endomor- 
phisms including (5.1). 

In gauge theories and quantum gravity, fermions called Faddeev-Popov (FP) ghosts 
play quite an important role at the fundamental level of theory. In our another succeeding 
paper, ^) we will consider recursive construction of FP ghost algebra in string theory. Since 
it is possible to formulate the FP ghosts only on the basis of the indefinite-metric state 
vector space, we need to generalize the Cuntz algebra in such a way that it acts on the 
indefinite-metric vector space. The resultant Cuntz-like algebra is called the pseudo Cuntz 
algebra. We will construct two embeddings of the FP ghost algebra in string theory into 
the pseudo Cuntz algebra and discuss on restricted representations. The special attention 
will be payed for the zero-mode FP ghost operators. 
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